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Abstract

In this paper, we consider the multi-dimensional modification of He’s
variational iteration method which is developed to solve multi-dimensional
fractional integro-differential equations with the non-local boundary con-
ditions. Then we find the exact solution using multi-dimensional itera-
tion by initial and boundary approximation. We also show that modified
method leads to highly accurate solutions.
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1 Introduction

The vibration in dynamical systems can be divided into two main categories such
as discrete and distributed. The variables in the discrete systems depend on time,
whereas in distributed systems variables depend on time and space such as in
beams, plates etc. Thus, the equations of motion of discrete systems are described
by ordinary differential equations, while equations of motion in distributed sys-
tems are described by partial differential equations, see [ Meirovitch L. 1980]. In
the literature, there are many works and studies have been made in the area of
vibration problems and several techniques such as; finite element method, finite
difference method, perturbation techniques, series solutions(DTM), etc. have
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been used to handle vibration problems. The variational iteration method(VIM)

was first proposed by [He JH., 1997-2014] and the method has been applied to
study many nonlinear partial differential equations, autonomous and singular or-
dinary differential equations such that solitary wave solutions, rational solutions,
compacton solutions and other types of solution some could be found in [Abdou
and Soliman, 2005].

In [Wang SQ. and He JH., 2008], they used the variational iteration method
for rigorous derivation of temperature distribution of a reaction-diffusion process
with non-local boundary conditions by constructing an initial trial-function with-
out unknown parameters, so that a few iterations lead to exact solution. The
solution indicates that this method is effective and convenient, later [Ghorbani
A. and Saberi-Nadjafi J., 2009] introduced the modified version of VIM.

In [He JH et al. 2010], they gave the physical interpretations of the fractional
calculus and the fractal derivative for discrete lattice equations by discussing
some applications, also examined the acceleration of some iteration formulae
with particular emphasis being placed on the exponential Pade approximant
for solitary solutions.It is also possible that in some cases, it may not be any
physical meaning for many non-linear equations, there are also some difficulty to
find approximate solutions that satisfy both the equations and the appropriate
initial /boundary conditions. Thus the variational iteration method together with
approximate initial/boundary conditions and point boundary initial/conditions
for solving this kind of problems simultaneously were proposed, and thus [He JH.,
2011] introduced the variational iteration method and its fractional modification
of Riemann—Liouville derivative and the results are compared.

Now recall the the variational iteration method, see the details in [Asma A et al.
2012] and in order to illustrate the basic concepts of VIM,

L(u) + N(u) = g()

where L is a linear operator; N is nonlinear operator, and g(z) is an non-
homogeneous term. By VIM, the one constructs a correction functional is:

Yer = U + / " ALya(s) — Nia(s)lds

where A is a general Lagrange multiplier, and g, denotes restricted variation
that is 0y, = 0, [Irandoust-Pakchin S. and Abdi-Mazraeh S., 2013] applied
(1.D.V.I.M) for solving these problems exactly, [Ahmood W. and Kilicman A.,
2016] studied the multidimensional space-time fractional derivative, determined
the exact solution via the Laplace transform by some applications and developed
mathematical foundations of the respective operators.

The numerical results illustrate that the methods can be implemented easily
and accurately when applied to the nonlinear space-time fractional derivatives
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Klein-Gordon equation. This approach presents a promising tool for solving
many space-time fractional partial differential equations. This method is effec-
tive and powerful in solving wide classes of nonlinear evolution fractional order
equations. For different type of applications, see [He JH et al. 2014], [Khalida A.
and Mouffak B., 2014], [Mohamed S.and Sherif E., 2014], [Wu GC et al. 2015],
[Doha EH et al. 2015] and [Jafari H et al. 2015].

[Bildik N. and Deniz S., 2014] they presented a comparison between the ado-
mian decomposition method and Taylor matrix method by solving some well-
known partial differential equations. In order to illustrate the analysis, they
examined the Telegraph equation, which is considered one of the most signifi-
cant partial differential equations, described wave propagation of electric signals
in a cable transmission line and Klein-Gordon equation which is encountered
in several applied physics fields such as, quantum field theory, fluid dynamics ,
optoelectronic devices design and numerical analysis. [Bildik N. and Deniz S.,
2015] considered the solution of systems of delay differential equations together
with initial conditions, using numerical methods, including the Taylor colloca-
tion method, the Lambert W function and the variational iteration method. We
have endeavored to show the most appropriate method by comparing the solu-
tions of this system of equations with different types of methods. [Bhrawy A.H.,
2016] adapted an operational matrix formulation of the collocation method for
one and two-dimensional non-linear fractional subdiffusion equations. They also
used both double and triple shifted Jacobi polynomials as basis functions to elu-
cidate approximate solutions of one and two-dimensional cases. The space-time
fractional derivatives given in the underline problems are expressed by Jacobi
operational matrices. It helps investigate spectral collocation schemes for both
temporal and spatial discretizations.

1.1 Basic Definitions:-

We start this section by the providing some definitions of the fractional deriva-
tive and its properties:-
Definition (1): The fractional derivative can define in this form:

" d 1
Df =D} (1" ) = g ("N = 50—y

P = (s = o) = st

And fo(t) is continuous and differentiable in the above equation can be written as:-

1 an t n-l 1 Lo
Dif = T(n—a)dt /to (s—ty"! LZ; 77(5 —t0)'f D (ko) — f(s)} ds,
3
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if fo(t) is continuous but not differentiable in the above equation can be written as:-

apr 1 ﬂ ) _ n a— S—to (i) _
DS = ey L= { Lo t0) — 16| s,

In fact the fractional derivative which was defined in the format

D = gy ] =0 ) = s

to

also known as the variational iteration algorithm-I, where f can be continuous and need not
necessarily differentiable. Then the variational iteration algorithm-II is given by

) = w0(®) = (1" [ s = 07 (s)ds

_ uo(t)—(;(2;/(s—t)”_1fm(s)ds,

to

where ug is the initial and boundary conditions

) = uo(®) = S [ 5= sy

In the literature there are several different type of fractional derivative definition and the
following is known as [Caputo Fractional Derivative:-|

D) = o [ om0

similarly, the next is called as [Riemann-Liouville Fractional Derivative:-]

1 ar [
D _ _ 4\n—a—1
2@ = ey [, @0
Later it was modified as [Modification of Riemann-Liouville Fractional Derivative:-]
D) = g [l - f0)a
m T T(n—a)dzm J, ’

where f is a continuous (but not necessarily differentiable) function. Jumarie’s fractional
derivative meets the following simple rules:
0%c _0 8o‘[cf} 80‘f 0% xP I'(l1+p)

= f—a >
x> O 8’Ea Do F(lJrﬂ*a)x ,B>a>0

Definition (2), [The Local Fractional Derivative:-]

Where A%(f(z) = f(zo)) = D(1+ a)A(f(x) — f(20))-

Now, some properties of Local Fractional Derivative:-

opa) o0 o fa)

R T

o f

TIGDD 0 gfa))g)(a)
4
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Now, we start this section by the following definitions and some properties of the fractional
calculus theory, used in this paper:-
Definition [3]: A real function f(x),z > 0, is said to be in the space C,, m € R, if there exist
a real number P > p such that f(z) = 2P fi(z), where fi(z) € C[0,1). Cleatly C,, C Cgif

B < p.
Definition [4]: A real function f(z),z > 0, is said to be in the space C}’,m € N UO, if
fmed,.

Definition [5], [He H., 2006]: Let f € C™,m € N U0, then the Caputo fractional
derivative of f(x) is defined.

Df(z) = J"fM™(z),m—-1<a<m,meN,
D™ f(x)

Dgm
Now, some properties of fractional integro-differential equations :
1. JoJvf=Jtf av>0fe€C,pu>0.

I(y+1
2. JorY = %m‘“’”,a >0,v>—1,2 > 0.

3. JODf(x) = f(z) — Sp! f“ﬂoﬂ%,w >0,m—1<a<m.

1.2 Some Basic Methods for Solving Fractional Integro-
Differential Equations:-

In this section, we propose the M.V.I.M for solving the fractional integro-differential equations
with the nonlocal boundary conditions by an initial trial-function without unknown param-
eters. Fractional integro-differential equations appear in various research areas and scientific
applications. An effective and very helpful to use method for solving such equations.

Definition (2.1.1), [Irandoust-pakchin S. and Abdi-Mazraeh S., 2013]:-

Consider fractional order integro-differential equation of the form:

n

Yylx) =1 y(x) = 1 ’ x—1)""
S ab'y@) = 1ya) = s [ a0 o

- T b
D%u(z) = g(w)—i—/ hl(m,t)u(t)dt—i—/ ho(z, t)u(t)dt

Where n — 1 < a<n,a <z <b, and n € N, with the non-local boundary conditions

n

Z <%-ju(j*1)(a) + u,-ju(jfl)(a)) + N\ /aL H;(t)u(t)dt = d;

j=1

where D® denotes a differential operator with fractional order «, g(x) and h;(z, t) for each i=1,2
are holomorphic functions. H;(t) are continuous functions, ;, tij, A; and d;, (1 = 1,2,...,m)
are constants and u is the unknown function that must be determined. In the next, we give
some of these methods:
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1.2.1 Solution of the Ordinary Fractional Integro-Differential Equa-
tions Via the (MVI):-

Consider the fractional order functional equation of the form:
Lu+ Ru+ Nu = g(x)

where L is the fractional order derivative, R is a linear differential operator, N represents the
non-linear terms and g is the source term. By using the properties and the inverse operator
L;! to both sides of the fractional functional equation and using the given conditions, we
obtain:-

u=f— L7 [Ru] + L;}[Nu]

where f is a term arising from integrating the source term g. By the construction of the
correction of functional for fractional functional equation, one can get:

Unt1(T) = up(z) + /OZ A(8)[Lun(8) + Ry (s) + Ny (s) — g(s)]ds,

where A is a Lagrange multiplier, u,, is the n-th approximate solution and u,(s) is a variation,
i.e., 0u,(s) = 0. Now, by the VIM, we determine A via integration by parts. Then, u,(x) of
the solution u(z) and using ug that satisfies at least the initial and boundary conditions. Now,
we have ug(z) as an arbitrary initial guess and then we have;

Upt1(2) = up(z) + /01 A(8)[Lun(s) + Ruy(s) + Nuy(s) — g(s)]ds.

By [Xu L., 2006] the above equation is equivalently: That is ug(z) is an arbitrary initial guess
and un41(z) = f(x) — Ly [Run(z)] — Ly [Nun(z)], where A has been identified. Now, the
function f(x) can be divided into two parts, namely fo(x) and fi(z) then, we can obtain:

f(@) = fola) + fr(=).

Further by using the properties, we obtain:-

up(z) = folx)
u(r) = f(z

2[R fo(x)] = L[N fo(x)]
upa1(z) = f(z -

HRup(2)] = Ly [Nup(2)].

From the above equation we obtained the exact solution. In order to illustrate the method,
consider the following examples.
Example [1], [Nazari D. and Shahmorad S., 2010]:-
Consider the linear fractional integro-differential equation with given non-local conditions.
5 €7 1

1 T 1
Diy(z) = —a*—y(z)+ 7395% — a4 ez/ ty(t)dt +/ 2y (t)dt,
3 r(3) 2 0 0

y(0)+y(1)73/0 ty(t)dt = 0.

Then, by taking L = D2 and the inverse operator L ! to both sides of the above equation, we
have:-

+J? [—ﬂ%y(x)] +J32 {ez /OI ty(t)dt + /(;ley(t)dt] .
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Now, by the VIM and the recursive scheme, we obtain:

@) = i)+ 10 = 0% [t = | = o= s
2

5
by assuming fo(z) = x, then fi(z) = 7%, and by starting of the initial approximation
3

yo(z) = fo(z) = z, we have:

W) = @
nw) = o= poy L )
x3 L —ad 3 x?
yi(z) = z-— I +J§[Te”]+J2[§ez]+J2[3] =z,
@) = g L) > @) = L
2

In the above equation, it is obtained:
ylr) =
is the exact solution of fractional integro-differential equation.

Example [2], [Nazari D. and Shahmorad S., 2010]:-
Consider the linear fractional integro-differential equation with the given non-local conditions:-

Diyle) = (oosla) = sin@)ly(o) + g(e) + [ sin(O()e

with the nonlocal conditions

v + (1) + S O+ 50 =58 [ v = o,
29(0) +20(1) + —v () 4’ (1) = 0

3
By, f(z) = %F"é) — 2cos(z) — 2wsin(x) + 2% sin(z) + 2, the exact solution of the fractional

integro-differential equation with the non-local conditions would be given by y(x) = 22. Then

by using the second properties, we have:

8 1 I(})
C3I0(3) T(3)

= 2>—2J% cos(z) — QJ%ISiH(I) — Jig? sin(z) + —Ji2,

o

s

f(z) L' g(z)] = J%g(z) 2? —2J% cos(z) — 2J%zsin(z) —-J

By fo(z) = 2%, where is satisfies in nonlocal boundary conditions also, we have

fO(‘T) x27r ; B ;
fi(x) = 2J7% cos(x) — 2J 1z sin(x) + Jia?sin(z) + J12,

following the recursive relationship, we obtain:-

yo(x) = fo(@),
y1(z) = f(x) — Ly (cos(x) — sin)z? + fot sin(t)t2dt],
Y (2) = F(2) — L3 [(cos(z) — sin)yn(2) + 3 sin(t)yn(2)d], n > 1.
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Hence
Yo(x) = a2,
Y1 (:I:) = x27

Yng1(x) = 22,0 > 1.
So y(z) = lim y,(x) = z, is the exact solution of problem.
n— 00
Example [3]:-

Consider the linear fractional integro-differential equation of 2 < v = % < 3 with the given
non-local conditions.

s 1. 1 ] ’
Di3y(z) = §€L3 + 23 —1— x3e(“1)y(z) +/ e'y(t)dt
0

y(0)+y”(1)74/0 ey(tydt = 0.

Then, by taking L = D% and taking the inverse operator L;! to both sides of the above
equation, we have:-

wloo

y(z) = J Eez v — 1} —J5 [x?’e(z_l)y(x)] +J3 U; ety(t)dt} .

Now, by the VIM and the recursive scheme, we obtain:

F(@) = fol@) + falw) = I3 E fah 1}

By the second properties, can get:

Jigh= LGHD sy TGN,
r¢+1+1) I'(4)
by assuming
INE] s [1

and by starting of the initial approximation yo(z) = fo(x) = x, we have:

yo(z) = %
1 T 1
yi(z) = 23+J5|Ze”” 1] - JF [x%(z—l)y(x)] v Lt / ¢ g 2) gt
3 Cole ()
Ynii1(z) = 2°

In the above equation, it is obtained:

y(z) = 2

is the exact solution of fractional integro-differential equation.
Example [4]:-

Consider the linear fractional integro-differential of 0 < v = % < 1 equation with the given
non-local conditions.

—1+e” — 22 4 / x2e™y(t)dt,
0

8
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y(0) +2y(1) + 3/01 ty(t)dt = 0.

Then, by applying L = D3 and L, ! to both sides of the above equation, we have:-

+J3 {/ J:Qemy(t)dt} .
0

wl=

ylz) = J

3 117% 2 2
2 14— p2eE)
[21’(3) +e x7e

Now, by the VIM and the recursive scheme, we obtain:

f(@) = fol@) + falw) = T3 E Fah o 1}

By the second properties, can get:

2
Jrgdo TGFD e
F(3+3%+1)
by assuming
folz) = =,
fi(z) = Js {71 +em — xZe(‘Tz)]

and by starting of the initial approximation yo(z) = fo(x) = x, we have:

Yo(z) =z,
yi(z) = z+ J3 [—1 et — x2e(12>} + Lt {/ m%”y(t)dt} =z
0
yn+l(m) =

In the above equation, it is obtained:
y(z) =z

is the exact solution of fractional integro-differential equation.

We note that in particular next example, fractional order models in Mechanical Engineer-
ing:

Example [5]:-
Consider the following two-dimensional wave-like equation of fractional integro-differential
equation with variable coefficients and non-local conditions:

s 1 6T ’
Dru(z,y,t) = —(xugy + y? + f+/tztdt,
Fu(z,y,t) 12(wu Y Uyy) e ; eu(t)
e+1 1 !
uw(0) +u(1) — u’(0)+7u"(1)—5/ tu(t) = 0.
e—2 6 0

Subject to the Neumann conditions

uzp(0,y,t) = wuy(z,0,t)=0
uz(1,y,t) 4cos(ht), uy(z,1,t) = 4sin(ht)
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By fo(z) = 2% and f1(z) = 0, we select up(x) = fo(z) = 2® to find

up(z) = a3,
1 6 v
ui(z) = x3+ﬁﬁ(x2um+ﬂr(l3) +J%/ tet3dt = a3,
T 0
Uny1(z) = 23, n>1.

In view of the above equation, we can get u(x) = 23, is the exact solution of problem the

fractional integro-differential equation with the non-local conditions.

2 Solution of the Partial Fractional Integro-Differential
Equations:

Consider the boundary value problem which consists of the m-th Fractional order Multi-
Dimensional Integro-Differential equation with constant coefficient:

m n )
621":1 alu(xh T2y eeny zn)
E Aoy an,... 00, l—[n O :g($17$27...,$n)+

i=1 i

ay,a9,..an=0
0<XP | a;<m

Tn Tn—1 B T1
/ / / hl(l'l,tl,.’ﬂg,tg,...,Zn,tn)u(tl,tg,...,tn)dtldtg...dtn+
(229 An—1 ai

bn  pbn—1 b1
/ / / h2(1‘17t1,$27t27...,.Intn,)u(thtg,...,t,,,,)dtldtQ...dt,“
Qn An—1 al

where n — 1 < a; < n,a; < x; < b; for each i = 1,2, ...,n. Together with appropriate non-local
boundary condition, where

OXi=1 Yiqy(xy, Ty, ooy Ty) 0= YTy, Tg, ey Ty

H?:1 Oy H?:1 oz

n T Ty —1 Ty N
H,\”/ / / H/\inij(tl,tg,...,tn)u(tl,tg,...,tn)dtldtzl..dtn = A,
i=1 Qn An—1 a

1 i=1

+

Denotes multi-dimensional differential operator with fractional order «;, for each i = 1,2, ...,n; a1, ag, ..., ap
is a known constant for each aj,as,...,a, = 0,1,....,m. such as 0 < Z?:l a; < m and
Gay,as,....an 7 0, g is a known function of x1,xs,...,2,; h1, ko are a known function of x;,t;
for each i = 1,2,...,n and u is the unknown function that must be determined. Then, by
taking or using the (MVIM) of the fractional multi-dimensional integro-differential equation
and by using the property:

ﬁ(];hx;h — ﬁ [F F(% + 1) x?z+7i:| ,

i=1 s L@ 7 +1)
a; > 0,7 > —1,2; > 0. For each ¢ = 1,2,...,n. By assuming L,, = DXi=1% is the partial
or multi-dimensional order derivative and by applying the inverse multi-dimensional operator
L, to both sides of the multi-dimensional fractional integro-differential equation, we have:

m n
L [ 0Xim iy(ay, T, .y Ty _
Z am,az,<<-~,urnLnl { H?:l (928?2 ~ = Lnl {g(l’hl‘g, '"75611,)} +

rbn pbn—1 by
Lnl{/ / / hz(xl,tl,;m,tg,4..,xntn,)u(tl,tg,4..,tn)dt1dt2...dtn}.
J Qp Anp—1 Jay

10
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Now, the function f(z1, %2, ..., z») can be divided into two parts, namely fo1,02,....0n (%1, %2, ..., Tn)
and fi1,12,...1n (%1, T2, ..., T) under this assumption, we set:

flx1, 22, ..., xn) = fo1,02,...,0n(T1, T2, s Tn) + f11,12,.. 10 (21, 2, ..o, Tn)-

According to the above assumption, and by relationship, we construct the following multi-
dimensional variational iteration formula:-

U01,02,...,0n(9017$27-~-7$n) = foro2,.., On(fﬂhwm-uyxn)

—1
ceey by ) - Ln un1+11,n2+12,...,n'n,+1n(3317IQ, ~-~7xn)

|
~
—~
8
-
&
o
&

u11,12,..,10(T1, T2, -y Tn)

to illustrate this method, consider the following examples.

2 2

3
1-(i) Let different derivative Zvi =1 and 0 < Zvi <1, then:

i=1 i=1
Consider the boundary value problem which consists of the 1st fractional order

two-dimensional integro-differential equation for the problem with constant coefficient:

3 3 3
84u(x,y) _ é T2y — 14+ ez2+y2 _ x2y2612+y2
&véﬁy% 310(%)

1
Y T

+ / / t%t%ewtl+yt2u(t1,tg)dtldtg,

o Jo
with appropriate non-local boundary condition:
1,1
’U,(O7 0) + 2U(1, 1) + 3/ / u(tl, tz)dtldtg =3.
o Jo

Then, by taking or using the (MVIM) of the fractional two-dimensional
integro-differential equation and by using the property, one can get:

x =-z
FG+3+1) 1
3 .
ghyt = TGETD ey 3
TE+3+D) 1
11 11 11
Assuming fo o(z,vy) = 2%y and f11(z,y) = —J2 IS 1 — J2 JS ety JEJS a2y2e®’ TV’

and choosing u,o(7,y) = foo(z,y) = 2%y, we have:-

uo(z,y) = 2%y

1 1 1 1 o 2 1 1 2.2
upa(r,y) = 2%y—J2Ji1— JEJfe” TV — J7 JiaPyte® Y

y T
- L, { / / wlyPei vt 31, 0t dty
0 0
2

7y, n; > 1, 1 =12

Um+1(~7ﬂy Y)

In view of the above equation, it follows that:

is the exact solution of the non-local boundary conditions.

(ii) Now if we consider the initial and boundary value problem which consists of the 1st
order linear two-dimensional Volterra integro-differential equation:

Yy x
ug (2,y) = —xy+/ / u(s, t)dsdt
0 0

11
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together with the initial and boundary conditions u(0,y) = 1. Then,

_ @) 1,
Jlﬂf = El = El
Assuming fo 0(x,y) = 22 and choosing uo,o(as7 y) = foo(z,y) = 2%, we have:
U0,0(I, y) =
ui(z,y) = @ - Ly {/ / u(s,t dsdt}
u77«i+1(m7y) = 2 ;=21 i=1

In view of the above equation, it follows that:

u(z,y) =

2
We note that in particular if Z v; = 1, then the derivative is the classical ordinary
derivatives. s -
2- When different derivative Zvi = and 1< Z v; < 2, then:
Consider the 2nd fractional oirzdler two—dimonsionaliizlitegro—difforcntial equation:

3

Wl ot

93

3 x+ty+z
ascgﬁy%az%

—22yz3¢ (xy,)ﬁ—i

Y
/ / / QT Yy t1t2t38w+y+z (tl,tg,tg)dtldtgdtg,

with appropriate non-local boundary condition:

.Z’ O / / tl,tz dtldtz =0.

Then, by taking or using the MVIM of the fractional three-dimensional integro-differential
equation and by using property, we get:

+

Ou(z,0)
dy

7
2 7 2+ 2.7
J3xs = 3 3+3 03
T e Ten” 331"
7 !
shi= 2GED e T
r'z+41+1) 214!
1
J?)%z%: Lz +1) SA+E = (l)!zz.
rg+i+1 4

Special Issue

Then, by letting ug(z,y, z) = 3y%2% and uy (2,7, 2) = 0. Now, we select: ug(x,y, z) = 23y%2>

to find:
uo(z,y,2) = a’y’2?
7 1 1

_ 3,22 % % 4 3 z+y+z 3 3 Tr3y4z4

uy(w,y,2) = ady?2? — JP IS Jiatyle yz+J1J2J3 -
PEENET(E)
2 1 3 (7 [Y ¥ .
+ Ly g JS T / / / 22yt tot3e” TYTEB 12t dt o dts
o Jo Jo
un1+1(x7y72) = $3y2227 n; > 17 1217273

12
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In view of the above equation, it follows that:-
u(w,y, z) = 2°y?22,
is the exact solution of the non-local boundary conditions.

2 2
9
3- When different derivative E v; = 1 and 2 < E v; < 3, then:

i=1 i=1
Consider the 3rd fractional order three-dimensional integro-differential equation:
91
Yy

1 vore
= sin(z) cos(y)u(z,y) + xt — Zy% —|—/ / sinty costou(ty, ta)dtidis.
o Jo

1
()

With appropriate non-local boundary condition:

1 1
u(O, y) + U(I, 0) + uI(O, y) + / / u(th tg)dtldtg =0.
o Jo

Then, by taking or using the MVIM of the fractional two-dimensional integro-differential
equation and by using property, we get:
:_ T(I+1)

9 9
Jiyi = 4 "7 43
SRR A

+1_ 14
CToam?

Assuming ug(z,y) = y* and u;(z,y) = 0 and we select ug(x,y) = y*, we have:

uo(z,y) = y'
4 7.4 g 1 s g1 1 N A
ui(z,y) = y* —Jiy sinwcosy+ Jy —5at —JS -yt + L] J;/ / ly sinty costadtydls
I'(3) 4 ’ o Jo
unir1(zy) =yt mi>1, i=1,2.

In view of the above equation, it follows that:-
u(z,y) =y,

is the exact solution of the non-local boundary conditions.
2 2

2
1 2
4- When X;’UL = ok z;vi = 3 and 0 < z;v, <1, then: Consider the 1st fractional order
1= 1= 1=
two-dimensional integro-differential equation:

oru(z,y)  Odul(z,y) 1 3 1 4 s vore L,
: y) o Los ERTI 120ty o)ty dis.
5y ol 3® F(%)a: + 3y /o/oe u(ty, to)dtydty

With appropriate non-local boundary condition:

11
u(0,y) + 2u(z,0) +/ / u(ty, to)dt1dts = 1.
o Jo

Then, by taking or using the MVIM of the fractional two-dimensional integro-differential
equation and by using property, we get:

R . e CI

CD(Z+3+1) r(ih 11
1
siat = i et = ()
L(E+5+1) 3
13
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=

Ol
+ |1

|
ST S )

1) 1

woles

N o

J3y

wleo| 4

I

2
Assuming foo(x,y) = +y? and f11(2,y) = —J; {(%)‘x% -+ yg} and choosing

uo,0(z,y) = foo(z,y) = x4y, we can get:

wo(z,y) = x+y?
H 3 1 2 1,28 (Y7 e 2
ura(z,y) = —=J79 11 lzs —xz+y +L;qJ1“J22/ / €2 (ty + t3)dt1dis
o Jo
uni+l(x7y) = l’+y2, ng 2 17 1= 172

In view of the above equation, it follows that:-
u(z,y) =z +y°

is the exact solution of the non-local boundary conditions.

3 3 3
. . .. 7 5
5- (i) When different derivatives X_; v; = 3 and 3 < ;vi <4 and X_; v; = 3 and
, = = =
2<) v; <3, then:

i=1
Consider the 2nd fractional order two-dimensional integro-differential equation:

51 1 2 o451
= ziy2z5 4 z5e¥ % yru(z,y,2)

z y T
/ / / .Iyszu(tl,t2,t3)dt1dt2dt3,
o Jo Jo

with appropriate non-local boundary condition:

ou(0,y,2)  0u(x,0,2)  Ou(z,y,0) [* [+ [ _
oz + 8y2 + 92 /0 /O /0 u(thtg,tg)dtldtzdtg,f&

Then, by taking or using the MVIM of the fractional three-dimensional
integro-differential equation and by using property, we get:

ulz,y,z) | du(z,y)
2023 8x%8y%32%

+

i3 I +1) ays NG

J3rxt = ——2 3 = Tz,
o r3+5+1) r(%)
giog_ LGHD  ays @),
2 rg+3+1) rE) "’
s e s TG,
21 r(G+35+1) INEIR

) ;

Pyt o LGHD ey TG

21 r3+4+1) riih”
1 3

Tt = TEtD zy TG g

2 L(f+3+1) INC
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4

Fh o LGHY ey TG,
F2+1+1) r(2)

ghdo LGED ey TG
TE+3+1) ()

Then, by letting ug 0.0(z,y,2) = 2%y%2 and wy11(z,y,2) = 0. Now, we select,
uo(x,y,2) = 22y?z to find:

uo,o,o(%yaz) = TYy=z

7 5 b
2,2 2 33,3 EIRTRELINE S
ur(z,y,2) = a7ytz+ J7 [w4y2z“+2°e“y4wyz

7 # 4 v 5 5 ‘
+ J? {/ / / $y32t§t§t3dt1dt2dt3,:| + Js [:L‘Zy%z% +z§ey4zay%x2ygz}
0o Jo

5 z pry prx
+ J; |:/ / / Ji'yBZu(tl,t27t3)dt1dt2dt37:|

+ LWJ1 J2 J3 / / / YPtitotze® TV TE 2 dt dtadt s,
Un,41(2,y,2) = 272,
In view of the above equation, it follows that:-
u(z,y,2) = 2%y%2, n; > 1, i=1,2,3.

is the exact solution of the non-local boundary conditions.

(if) Consider the initial and boundary value problem which consists of the 4th order linear
three-dimensional Volterra integro-differential equation:

Uyyyy({l,’, Y,z) = $2y622 + / / / tl, ta, t5 dtldtzdtg

together with the initial and boundary conditions
w(z,0,2) = uy(x,0,2) = uyy(z,0, 2) = Uyyy(z,0,2) = 0. Then,

(7) 6!
4.6 _ 10_ 5 10
BV = tmyY T 10

Assuming fo,0.0(z,y,2) = y'° and choosing ©(0,0,0) = f(z,y,2) = y'0, we have:

1t0,0,0(l’7y72) = y10
z y x

wiia(@,y,2) = y''— Ly [/ / / u(ty, t2, t3)dt1dtadts
o Jo Jo

unzﬂ(azy,z) = y107 n; > 17 1= 132

In view of the above equation, it follows that:-

10
u(@,y) =y
3
We note that in particular if Z v; = 4, then the derivative is the classical ordinary
i=1
derivatives.
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2

2
14
6- Let different derivative Z v; = 3 and 4 < Z v; < 5, then: Consider the 5th

i=1
fractional order two-dimensional integro- dlffcrcntlal cquatlon

0% u(w,y)  T(NT4) s s // et
Oz’ Oy F(H)F(*)m vt (z — y)2evtz ulty, ta)dtrdts,

3 3

with appropriate non-local boundary condition:

8u(x 0)  Bu(z,0)  0%u(0,y) ot B
U(0,0) 6y + ayg + 83:‘2 +/3 /0 U(thtg)dtldtg =0.

Then, by taking or using the MVIM of the fractional two-dimensional integro-differential
equation and by using property, one can get:

8 8
Jﬁmézzggliiilfm%+§:_ix%::ji 6,
r(+38+1) 6! 316!
5 8
ny% :Agglégt}lg,y§+§:: F(E)yg _ jﬂfy.
L(G+35+1) r(2)”" 3@

Assuming fp o(x,y) = 2593 and choosing ug o(z,y) = fo.0(z,y) = 2%y, we have:

u0,0(x7 y) = xGyB
6,3 e
uia(z,y) = 2%y —1L %?@[/‘/ v 2wt@ﬁﬂm
uni_'.]_(.’L', y) = xGySani 2 1,Z = 1,2

In view of the above equation, it follows that:-

u(z,y) = 2%°

is the exact solution of the non-local boundary conditions.

3 Conclusion

In this work, we propose a reliable multi-dimensional modification for He’s variational
iteration method for solving multi-dimensional fractional order integro-differential equations
with the given conditions. It is illustrated that the method is a very powerful, highly
accurate and efficient to find approximate solutions as well as numerical solutions.
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